GEOPHYSICS, VOL. 59, NO. 6, (JUNE 1994); P. 864-880, 8 FIGS.

The fields from a finite electrical dipole-
A new computational approach

Kurt I. Sgrensen* and Niels B. Christensen*

ABSTRACT thus increasing computation time considerably.
The fields from the finite electrical dipole are ex
Controlled-source, frequency-domain, and time-do- pressed as Hankel transforms and as integrals| of
main electromagnetic methods require accurate, fast, Hankel transforms. The theory of fast Hankel trans-
and reliable methods of computing the electric and forms is extended to include integrals of Hankel trans-
magnetic fields from the source configurations used. forms, and a method is devised for calculating the filter
Except for small magnetic dipole sources, all electric coefficients. Unlike the fast Hankel transform, the
and magnetic sources are composed of lengths of computation involved in the integrated Hankel trans-
straight wire, which may be grounded. If the source- forms is not a true convolution, and so a set of filter
receiver separation is large enough, the composite coefficients must be calculated for each source-fe-
electrical dipoles may be considered to be infinitely ceiver configuration. Furthermore, the method is ekx-
small, and in a 1-D earth model the fields are expressed tended to include the calculation of potential differ-
as Hankel transforms of an input function, which ences where one more integration is involved, which|is
depends only on the model parameters. The Hankel what is actually measured in the field. The computp-
transforms can be evaluated using the digital filter tion of filter coefficients is very fast, and for standard
theory of fast Hankel transforms. However, the ap- configurations, the coefficients need be computed only
proximation of the infinitely small dipole is not always once. The method is as fast, accurate, and reliable as
valid, and fields from a finite electrical dipole must be the fast Hankel transforms method, and is up to an
calculated. Traditionally, this is done by numerical order of magnitude faster than the usual numerical
integration of the fields from an infinitesimal dipole, integration.
INTRODUCTION dipoles maycontain useful nformation aboutthe earth

parameters.This is consistent with the observation that a

The theoretical problem of calculating electric and mag- combination of galvanic and inductive methods in many
netic fields from a grounded electrical dipole of finite length Cases gives a better resolution of earth model parameters
was solved many decades ago (Sommerfeld, 1926; Fosterthan either separately (Jupp and Vozoff, 1975). o
1931). The first formulations dealt with the homogeneous The present method of calculating fields from a finite
half-space model, but expressions for two-layer earths were€lectrical dipole was motivated by the desire to interpret
also found (Riordan and Sunde, 1933; Hohmann, 1973). Anboth galvanic and inductive components in geoelectrical
extensive study of the responses of a multilayer earth wassoundings. The ac geoelectrical sounding method (Sorensen,
done by Dey and Morrison (1973), and Wynn and Zonge 1979; Sorensen et al., 1979; Christensen, 1987, Christensen,
(1975) and included the effect of anisotropy when calculating 1989) is a combined galvanic/inductive method, where the
the mutual coupling between grounded electrical dipoles. amplitude of the potential from a finite electrical dipole is
Most of these studies were concerned with calculating measured in a half-Schlumberger electrode configuration
inductive coupling present during IP measurements. (Figure 1) at logarithmically spaced frequencies between

It has been suggested (Wynn and Zonge, 1977) that ther6 and 9765 Hz. The measured total potential difference
inductive coupling between the transmitter and receiver includes both the galvanic and the inductive fields, so in one
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Integrated Fast Hankel Transform Filters 865

single measuring procedure both galvanic and inductive —I [«
information is obtained, which gives an enhanced resolution Hy (x, y) = — f (Yrm + v1E)

of the conductivity structure of the earth. The measurements am Jo

are interpreted with a 1-D, plane parallel, and transversely

; ; in ; xta x—a
isotropic earth model by means of an automatic, iterative x { 7,00 — T () dr
least-squares inversion program. Without the presented r-
method of fast and reliable computations of electric and

r+

magnetic fields from a grounded electrical dipole of finite _ L S [ ,
length carrying ac current, the interpretation of ac geoelec- 4 J_, dx . (1= yrE)Mo(r') dn,
trical soundings would be considerably more time consum- 4)
ing.
1 ay ® )\2
THE FIELDS FROM A FINITE ELECTRICAL DIPOLE H,(x, y) =Ef = dx’ f (1+vy71E) —J1(r) d,
—a 0 0
Numerous papers in the literature have dealt with the (5)

derivation of expressions for the fields from a groundedwhere
electrical dipole of finite length, and the derivation will not

be repeated here. We will depart from the expressions given .= — \/(x *a)l+y?, r=Vx-x)+ y2;
in Ward and Hohmann (1989) by assuming the dipole to be
centered at the origin and extending freanto a along the Yrm = Yo for g = I, Y1E = Yo fOr g/ = 2
x-axis (Figure 2). The expressions for the fields on the +y
surface in a coordinate system with the z-axis positive Ym =g Ymt1 T W¥m+1 vr = 0;
m m b L ’
downwards are L+ Y4 1¥m+1
-1 o Up 20 9m = €Xp [_2amhm]a
E((x,y) =— 1- ——(1+ — .
x(x:9) 4 j; ( Y1) Yo ( V1E) Uy go =1, h,: layer thicknesses;

-1
x+a L x—a ~ Yt 1 = Um _Umr1) (Um  Umtd .
X\ F Jl(M)—r—_Jl(M) dx - Am  dm+1) \dm Gm+1
Uy =N = kp,,
a

I © 2o
—_— dx’ f (1 + ’YTE) _)\Jo()\r’) d)\,
a 0 Uo

4n | _ krzn = —ZmIm = —iOpnOpy + wzp'mem;
1 Zm = i0OMy, Ym = Oy +iwey,;
—I (= ug 20
E,(x, Y)=4— (T =vyrm) — =1 +vygg) — a a
T Jo Yo o g —3 X,
y y Gl el "11 hl
X{-’l()\r+)‘:‘11()\r—)__} dx, (2)
r r
1 o ) ) Ha hZ
Hy(x,y)=-— f (Yrm + Y1E)
4w J,
O3 €3 K3 hy

X {Jl(hr+) % —Jy (A7) rl_} d\, 3)

1 1 - - === h
L_‘@'—] i ‘ ; ‘ oN EN UN N

A B M N

- -

zZ

Fic. 1. The half-Schlumberger electrode configuration used ] )
in the ac geoelectrical sounding method. A and B are Fic. 2. The source and model configuration. The model
stationary current electrodes; one potential electidde parameterss,,, €,, i, and i, are the conductivity, the
placed “far away” and the inner potential electrddeis dielectric permittivity, the magnetic permeability, and the
moved outwards during the soundin%. For small transmitter- thickness of the mth layer, respectively. The source is an
receiver separations this is essentially a pole-dipole config-electrical dipole centered at the origin and extending from
uration, while for larger transmitter-receiver separations it is -a to a on the x-axis of a right-hand Cartesian coordinate
a collinear dipole-dipole configuration. svstem with the z-axis positive downwards.
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Mms €Ems Om, and h, are the magnetic permeability, the
dielectric permittivity, the electric conductivity, and the
thickness of the mth layer, respectively. Except for the sign
of the first term in equation (4), these are identical to the
expressions in Ward and Hohmann (1989).

The expressions for the electric and magnetic fields from a
finite electrical dipole are of two different types. One is the
ordinary Hankel transform integral

v=0,1,

f " £ OO, () d (6)
0

which expresses the fields arising from the end points of the
dipole. The electric field perpendicular to the dipEjeand

the magnetic field parallel to the dipcH, are expressed
through these integrals alone. The electric field parallel to
the dipoleE, and the magnetic field perpendicular to the
dipole H, are expressed through the above Hankel trans-
forms plus integrals of Hankel transforms of the type

fa dx’ fw FOT,(\r") dX, r'= \/(x -x)2+y?
-a 0
@)

which expresses the dependence on the length of wire
connecting the grounding points. An integral of the latter
type also expresses the vertical magnetic {H,1The first

type can be calculated using the digital filter theory of fast

Hankel transforms (Johansen and Sorensen, 1979;
Christensen, 1990), while the second type has required a

numerical integration. A digital filter theory for the latter
type shall be developed in the following paragraphs.

The above observations regarding the dependence of th
field components on the endpoints are also given by

Kauahikaua (1978), who reaches the same conclusions by

comparing field expressions for the finite electrical dipole
with fields from an infinitely long straight wire.

THE FILTER THEORY OF INTEGRATED HANKEL
TRANSFORMS

From the foregoing paragraphs, we see that the electric

b

and magnetic fields from a finite electrical dipole are ex-
pressed as ordinary Hankel transforms or as integrals o
Hankel transforms. The Hankel integrals of the type

o) = f " £ 007,00 dn ©)
0

are calculated using the digital filter theory of fast Hankel
transforms. This method and the theory behind it are now
well established (Johansen and Sorensen, 1979; Anderso
1989; Christensen, 1990). The inffunction £ (\) is sampled
logarithmically and convolved with precalculated filter coef-
ficients, whereby the output functiog(r) is obtained at
logarithmically distributed sample points.

The parts of the fields expressed as integrals of Hankel
transforms of the type

g(a, r)

Christensen

gla, r) = J dx’ f T, (Ar') dN,

r —\/(x—x)2+y

©)

have traditionally been calculated by numerical integration
of the Hankel transform. However, we shall extend the
digital filter theory of fast Hankel transforms to include
single and multiple integrals of Hankel transforms. We shall
see that integrals like expression (9) can be computed by
convolving logarithmically sampled values of the input func-
tion f(A) with a set of precalculated filter coefficients, the
only difference from the ordinary Hankel transform being
that the set of filter coefficients will be dependent on the
transmitter-receiver configuration. In this respect it is not a
true convolution. As with ordinary fast Hankel transforms,
accuracy of the method and speed of operation depend
mainly on the analytical properties of the input function

f(\), as explained by Johansen and Sorensen (1979) and

Christensen (1990).
Reformulation of the problem

Since equation (9) can be rewritten as

f“ dpf £ T, (Ar,) dX
f dpff(}\)J()\r)d)\ r—p +y2,

(10)

Sve will investigate expressions of the type

T(y, c) = f dp wa()\).lv()\rp)d)\, c>0.  (11)
0 (1]

Since expression (9) is equal to

sgn (x +a)T(y,|x +al)—sgn(x —a) - T(y,|x -

al),
(12)

nd sinceT(-y, ¢) = T(y, c), it canbe assumed that >
throughout this section. Equation (1 1) is reformulated as

1(y, c) =fc dp fwf(x)x‘” NI, (Arp) dA. (13)

0 0
Performing the substitutions

A =exp (—u), ro = exp (v), (14)
Mand defining new functions

F(u) = f [exp (—u)] exp [(n — Dul,
(15)
HY(v) = J,[exp (v)] exp (pv),

we have
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T(y, c) = fc dp « exp (—pv) J‘w F(uwH"(v — u) du.
0 —»

(16)
Assuming that the Fourier transforF(s) of F(u) exists,

equation (16) and the convolution theorem (Bracewell, 1965)

imply that

T(y, ¢) = fw £(5)G,(y, ¢, s) ds, 17)

-0

where

G,(y,c,5) = f exp [(27s — p)v] dp
0

X Jm HY(u) exp (—i2mwsu) du. (18)

While v depends on the field componeatis arbitrary. For
the horizontal electric and magnetic fielllss 0, while for
the vertical magnetic field, we must uses 1.

Evaluation oiG,(y, c, s)

The integrals involved in equation (18) can be evaluated by

use of equation 11.4.16, Abramowitz and Ste(1970), and
equation 3.254.1, Gradshteyn and Ryzhik (1965). Thus

A c (Y\*
G,(y, c,5) = 5\3 <G, (y, ¢, 8), (19)

where

y i2ms
G](}l)(y’ c, S) :(5)

2

v+l p-—1
r -——ti
( 5 > zws)

wop (P L3 c?
= —ims, 5 |- 5
L L) I

v+l pn-1
TR

which when using equations 15.3.8 and 15.3.3, Abramowitz

and Stegur(1970), is rewritten as

Va y\! 7
Gv(ya C, S) =T (E) ¢ GSJZ)()’, S)

c \/y2+ c? e R

+-2—<f) 6P e, 8),  (20)
where
. y i2ms
G(z) , -2

v (ys ) (2)
v+l p-—1 p—1
r + ———iws || —— — inws
2 2 2

v+ 1 -1 ’
L_——z—ww'ws -2--i'rrs

\/y2 T A\ 1
A(3) =
Gy €0 9) ( 2 1—n+ i2ms

v+l p-—-1
l"( +T—i1'rs)

2
v+l p-—-1
SRR
ko prl | y?
szl(E—ms,l; —inws y—z—_;-c—z),

where I’ is the complex gamma function, a,F, is the
hypergeometric function.

The expressions (19) and (20) are identical, but (19) will be
used forc/y | = 1/2 while (20) shall be used foc/y| >1/2
to ensure numerical stability (see Appendix A). On the axis
y = 0 we find

A C 1_ ’L A
G, c, s) = (5> 16{Y (c, s), (1)
where

v+l p-1
. N—+———imns
A§4) c\2ms 1 X 2 2
O(e, ) = 2 1—p+i2ws 1_‘(v+l p—1 )

- ——+ims
2 2

Forv = 0 we shall choosg = 2. This choice gives us
expressions without unnecessary complications, and gives
the same input functioifz(\) for the integrated Hankel
integral as for the ordinary Hankel integral. This is seen from

fnN)
F(u) = fexp (—uw)] exp [(p = Du] = kT 2.
(22)

Insertingv = 0 we find forGy(y, c, s) in the casg = 2:

A L
GO()’, C, S)=)_]‘2"G0 (}’, c, S), (23)

where

y) 27 (] — jms)

GV (y, c,s) = (5 Tms)

o 13
X —ins, = =
21 >3

CZ
y2)’

-GP(y, ¢, 9),

) Voo
Go(y, ¢, s) = G (y, ) +

y 2 + c2
where (24)

y) i2ms F(% - imws)

G(Z) s =1z s
0 (7 5) (2 T(ims)
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) VyZ+ \?™ 1 TA - ims)
G(()3)(y, c, )= ;
2 ims _% [(ims)
Fil1 1 3 y2
% . Lo :
20y s, 1, 2 s y2 n c2
A 1 A (4)
GO(O’ C, S) =_'G0 (S), (25)
c

where

A c\?™ 1 T -iws)
G§'(s) = (—) - —
2 ims — 1 I'(imrs)

The discrete formulation

The expression (16) fof( y, c) is not a convolution

integral, but has a more complicated functional dependence

on y and c. To find an approximatidi(y , c)to T(y , c),

Christensen

where

w I'(1 — ims)
Gt , C, = -
0 (y, ¢, v) TGy

13| ¢ .
X Fi |l —ims, =5 -|—— AP(As) exp (i2wvs) ds,
22|y
Va ,
Gﬂa(y! c, nA):——.GT)(Z) ln——nA
y 2
c \/y2 + c2
. ox(3) -
+y2 ) Gy (}’a c, In HA), (30)
where

. TG —ims)

G5P(v) = ———— AP(As) exp (i2wvs) ds,
—w [D(imws)

we shall adopt the same approach as in Johansen and

and insert an approximatidef(u) to F(u) in equation (16).
Let F*(u) be a sampled and interpolated versior-@f):

Sorensen (1979), Sorensen (1979), and Christensen (1990), w 1
Gy, ¢, v) = f

* u
F*(u) =, F(nA)P(K - n), A (26)

250

The computation off( y, c) involves the spectrutF(s).
However, the multiplication oF(s) by AP(As), the spec-

trum of the interpolating function, in equation (17) has a

negligible influence on the value af( y, c)if the cut-off
frequencys. is sufficiently high. The asymptotic behavior of
the integrand in equation (17) also dependGy(y , c, s),
but in Appendix B, we show how it is controlled mainly by
F(s).

Substituting equation (26) in(16), we obtain an approx-
imation T*(y, c) to T(y, c):

T*(y, ¢) = >, F(nA)G%(y, c, nA),

—o©

Q@7

where

Go(y, ¢, nA)

f Go(y, c, s)AP(As) exp (—i2wsnd) ds. (28)

-0

Though T( vy, ¢) is not a convolution integral, we have
arrived at a convolution-like expression (27) 16( y , c).

' —imns)
o TS — % I(ims)
Fil1—-i 1 i v
X - b ; -~ )
20 s 2 s y2 n 02

x AP(As) exp (i2mwus) ds,
1 c
G40, c, nA) =-- G¥ W(m 5~ nA), 31
c
where

Gt (4)(v)= o 1 I‘(l.—t’rrs)
—o l.TI'S"‘% F(l’"s)

AP(As) exp (i2wvs) ds.

The expression involvinG} “(v) is a true convolution
sinceG} W (v) is independent of y and c. However, the
integrand is not expressable in terms of fast Hankel trans-
form filter functions.

It remains to be shown how the filter coefficieG?}(v)
are calculated. Following the approach in Johansen and
Sorensen (1979), Sorensen (1979), and Christensen (1990),
G™,(v) shall be calculated as contour integrals in the complex
s-plane by summing the residues from the poles of the
integrands. In Appendix A, an example demonstrates how
filter coefficients for integrated Hankel transforms may be
calculated. The properties of the hypergeometric functions
involved in the calculations are analyzed, and the questions

Contrary to the computation of ordinary Hankel transforms of convergence and numerical stability are considered.

where it is necessary to compute oahefilter, which then

gives us all values of the integral through an ordinary Error estimation
convolution, we must now compute a new filter for each (y,

c) argument.
Substituting equation (23), (24), and (25) in (28) we get

2

G* __c. * (1) X_
o(y, ¢, nb) = Go 'y ¢ ln2 nAl, (29)

To obtain an error estimation, we shall proceed along the
same lines as in Johansen and Sorensen (1979) and Chris-
tensen (1990).

The spectrunF*(s) of the interpolated functiof*(u) is
given by
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® b x+a o
. n n n
E*(s) = AP(As) S F(s - —), (32) J dx (f dp f ST, (rp) dN
~ A -b 0 0
and substituting this expression in equai17), we obtain B J‘x—a dp fwf()\)Jv(Mp) d)\),
IT(y, ¢) = T*(y, o] 0 0
. - n ro= Vy?+ o2, 37)
<J F(s) — AP(As) X F(S - Z) ’|Go(y, ¢, s)| ds where the latter expression is valid fo>y0 no matter the
- - signofx = a.
Following the same lines as in the previous sections we
_ A _ 5 A see that the integral overenters only in the functioG,(y,
2]_00 F@)I[L = P(A9)]|Go(y, ¢, 9)] ds, (33) c(x), s), so using the previous result (19) we have
where results from Johansen &Sgrensen (1979) regarding G r. 5) =1 y - y i2ms
the filter function P(s) have been used. By applying the ¥ Vo @ % 21\2 2
spectrum majorization theorem to F(u), we find
. F(v +1 p-—1
F(s)|=K cexp (—2mwgls|), + —ins
|F(s)| = K(wo) * exp (—2mwwo|s]|) (34) ) > 5
K(wg) = max f |f(\ exp (%iw))| dX, r(v SRy iws)
0 2 2
w <o
where f (A exp(= iw)) is analytic within the arelo| < . x{ (x+a),F poo 13 (x+a)’
Substituting this majorant f¢£(s)| in equation (33) we find SR PR
o m 1 3|(x—a)?
|T(y, ¢) — T*(y, ¢)| < 2K(wq) exp (—2mwgls|) —(x = a),F, 5" ins, 5 =t
—oo y
N R (38)
x[1 = P(As)|Go(y, ¢, s)| ds. (35) wherex enters only in the expression containing the hyper-
In the theory of fast Hankel transformiG, | = 1 identically, ~ 9€ometric functions in the brackets.

and the above error integral can be calculated in closed form. Let us define the integrated function

In our case, however, it turns out t{G, | increases as a . b

power function folls | — «. In Appendix B the integral in Gi(y, a, b, s) = f G,(y, a, x, s) dx. (39)
equation (35) is estimated. The results are that the error is of -b

the same order of magnitude as for fast Hankel transforms,

and the error decreases exponentially with the samplingEValluatlng the integral overwe find

density of the discrete convolution. In Christensen (1990) the (-, n 1 3| (x+a)?
error expression of fast Hankel transforms is analysed, and (x+ a)Fy| = — iws, 5; S|———=—] dx
it is shown how the parameters of the filter coefficients may J-» 2 2 y
be chosen optimally. This theory of optimized fast Hankel 5
transforms can be applied to the filters for integrated = (a + b)3F E_m 1 l-i 2 _(‘”’b) (40)
Hankel transforms as well. 3722 Y y?
Filters for potential differences and a similar expression for the term involving (&)-
Using the identity
In practical applications what is measured is the potential by — 1)
difference between two points. We will restrict ourselves t0 ;.. F,(a,, a,, 1; by, 2|2) = 7
the following two possibilities: the equatorial dipole config- (a1 — D(az — 1)
uration and the collinear dipole configuration. )
In the equatorial dipole configuration, we wish to compute [2Fi(a; =1, ay = 1; by = 1[2) = 1] (4D)
integrals of the following type and substituting in equation (40) we get
b a © .
f dx f dx' f ST, (\r') d\, Gi(y, a,b,5)=%,(y,a+b,5)~%,(y,a-b, ),
-b -a 0 (42)
where
r=V(x-x)2+y%, v=0, (36)

2-n

. y N

4 ,8)=2(= 40y, ¢, s), 43
which is rewritten »(¥, ¢, 8) (2) v (¥s ¢, 9) (43)
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where

8W(y, ¢, s)

I 11
XzFl(‘z'—l—i‘n'S, —5;5

02
_)_)7 s

Abramowitz and Stegun (1970)

. — [y\'7*
@, (y, c, 5) = \/wlcl(E) g 2(s)
VT
+(%) 8Oy, ¢, 5),  (44)

where

v+l p-—1 n—1
s F<—+— - ia-rs)F(—— - iq'rs)
s (Y 2 2 2
(gv (S)—

2 vrl p-1 ’
g (e P ' L,
2 2 2

2
\/y2 + o2\ 1
83y, ¢, 5) = (
2 ']

—=1—ins
2

X
por v+l p-1
s _ins _ 4
) i > ims
m ptl y?
X, Fi{| =——1-iws, 1; ims vIL
2 2 ye+c

The expressions (43) and (44) are identical, but (43) will be
used forlc/y | = 1/2 while expression (44) will be used for

|c/y | > 1/2 to ensure numerical stability. For the same
reasons as with the filters for electric fields, we will again

choosep. = 2, which for v =0 yields the expression

%o (y, ¢, 5)=-2-%M(y, c, ), (45)

where

4Ny, ¢, 5)

y\ “27 T(1 — ims) 11
= - _— F —_7 , — = =
2 T +ims) 2\ ™ T2

C2
v’

T el 92(s) - 49, c, 9, (46)

. 2
G(y, c, 5)=

where

i2ms F(l - i1TS)
4P(s) = (g) —

T(ims)
" VyZ+ cA\*™ 1 T - ins)
%7y, ¢, ) = ; .
2 L ims (1 + ims)

3
X, F (—iws, 1; E_iﬂs

y2
y2+02 ‘

The discrete formulation and the error estimation follow
or by applying equation 15.3.8 and equation 15.3.3, exactly the same lines in the case of filters for the electric

fields.

In the case of the collinear dipole we shall evaluate

integrals of the following type

sz dx f dx’ fwf()\).l,,[)\(x —x)] d,
bl —-a 0

by, by >a, v=0, (47)

which is rewritten

by x+a ©
f dx J dp f F T, (\p) dn, p=x—x'.
by x—a 0

(48)
In the collinear dipole configuration from formula (21), we
have
A . 1
G,,(a, X, S) =k~ 1-i2ms _
1—p+i2ws

v+l p-—1
r + —— —ims
2 2

v+l p-—1
r ——+ins
2 2

X{(x+a)l—p.+i2'rrs_(x_a)]—p+i17s}. (49)

We define the integrated function

X

s by
Gia, bl,bz,s)=f 2 6@ x, s) dr. (50)
by

Evaluating the integral overwe find

by . ;
J {(x+a)1—p.+12-n-s_(x_a)l—p+12-n-s}dx
by

=—{(b, + 2= p+i2ms
2 -t i2mws > +a)

—_ (b2 _a)z—p+i2m_ (bl + a)2—p.+i2-rrs
+ (bl _ a)2-p.+i2m'} (51)

which results in
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Gila, by, by, s)=4,(by +a, s) —4,(by — a, )

~4,(by +a,5) - %,(by ~a,5), (52)
where
c\ TH +2
%, (c, s) = 2(5) <89, ), (53)
where
) c 2ms 1
‘Ql(,“)(c, s)=|- P EEEE————
2 2—p+i2us
v+l pu-1
r + ——ins
1 2
1-p+i2ws <v+1 p—1 )
- + ims
2
The choice v = 0, u = 2 gives us the following expression
R c\?™ 1 T(-iws)
Bo(c, 5) =8 (c, 5)=| = .
ofe, ) =SoTe ) =3) s T 1T +ims)
(54)

The discrete formulain and the error estimation follows
exactly the same lines as with the E-filters.

Modification of the ordinary Hankel integrals

871

for the difference filter in question, this singularity vanishes,
and it is thus possible to calculate the difference filter. A
special program has been made to perform this difference
filter calculation. Besides leaving the input functi€iA)
untouched, this method removes the numerical instability
that could otherwise have been a problem if we subtracted
one Hankel filter from the other. Furthermore, the decay of
the product of the input function with the filter coefficients in
the discrete convolution is faster with the difference filter
than would otherwise have been the case.

In the collinear dipole configuration, we must calculate

f " g f T FONTING + @) = 1 [Mx — )T} dn
b] 0

- fwf()\){sz (T IMx+a)]=T [Mx=a)]} dx} dx
0 by

® 1
=f f(X){—;{Jo[)\(bz +a)] — Jo[N(b; — @)]
0

= Jo[N(by + a)] + Jo[N(by — a)]}} d\. (56)

For this configuration we may calculate the filter as a
difference between two of the foregoing difference filters
with y = 0.

It has now been shown that potential differences in the Application of integrated filters

equatorial and collinear dipole configurations can be calcu-
lated using the same input function as the one used for the

calculation of electric fields, but with application of a differ-
ent filter. We would like the same thing to be possible with
regard to the ordinary Hankel integrals entering in the
expressions for the electric fields.

For the expressions containing ordinary Hankel integrals,
we find for the potential differences in the equatorial dipole
configuration expressions of the following type

b 0 x+a X—a
f dxf f()\){]l()\r+) T —Jl()\r') -_ }d)\,
b 0 r r
ra"=\/(xia)2+y2
© b x+a
- fm{f [Jl(w) -
0 -b r
—Jl()\r')

x—a
— ]dx} d\
’

) 2
f f(h){—;[fo(M: ) —Jo(Ma_)]} dx,
0

re=Vazb)r+y. (55
We see that if we want to leave the input functfi(h)

As mentioned in the introduction, the development of the
present method of calculating fields from a finite electrical
dipole came from the intention to use ac current in geoelec-
trical soundings. The ac geoelectrical sounding method
(Sorensen, 1979; Sorensen et al., 1979; Christensen, 1987;
1989) is a combined galvanic/inductive method, where the
amplitude of the potential from a finite electrical dipole is
measured in a half-Schlumberger electrode configuration
(Figure 1) at logarithmically spaced frequencies between
76 and 9765 Hz. The measured total potential difference
includes both the galvanic and the inductive fields, so in one
single measuring procedure both galvanic and inductive infor-
mation is obtained, which gives an enhanced resolution of the
conductivity structure of the earth. The measurements are
interpreted with a I-D, plane parallel, and transversely isotro-
pic earth model by means of an automatic, iterative least-
squares inversion program. The present method of fast and
reliable computations of electric and magnetic fields from a
grounded electrical dipole of finite length carrying ac current
has facilitated the interpretation of ac geoelectrical soundings
considerably.

Figure 3 shows model responses from a four-layer model
typical of Danish Quatemary deposits for three different fre-
guencies: 76,2441, and 9765 Hz. The electrode configuration is
a half-Schlumberger configuration (Figure 1) with a 10 m
transmitter dipole and the far potential electrode 400 m from
the transmitter. Calculations are made with a spatial data
density of 10 per decade in the interval from 1.26 to 3 16 m for

untouched, we must be able to calculate filters of the typea total data set of 25 points. The normalization of the response
1/\ Jo(ar). This is not possible since the integrand involved to apparent resistivity is done using the dc formula. We see that
in the calculation has a singularity on the real axis. However, the low frequency of 76 Hz resembles the dc response and that
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all responses coincide with the dc response for small transmit-time consuming part is the calculation of the kernel function
ter-receiver separations as is expected. For longer transmittervalues, the discrete convolution is very fast (appr. 200 complex
receiver separations the curves separate. floating point operations), and the time used for interpolation in
In the experimental phase of the development of the the numerical integration algorithm is comparable with the time
method, it was not clear which electrode configuration used for kernel function value computations. The time used for
would be the best, and thus programs for the calculation ofthe calculation of kernel function values increases with the
filters were made very general. Filter programs for the number of layers in the model, while the numerical integration
calculation of horizontal electric and magnetic fields any- lasts equally long for all models.
where on the surface from a finite electrical dipole were The direct method using integrated Hankel filters also
implemented together with programs for the direct calcula- begins with the calculation of kernel function values. The
tion of potential differences in the equatorial dipole and the number of kernel function values is approximately the same
collinear dipole configuration. as with the ordinary discrete convolution, since the behavior
Let us turn to a comparison between the direct calcula- of the integrated Hankel filters asymptotically is the same as
tions using integrated Hankel filters and the traditional for ordinary Hankel filters. Then follows the discrete con-
method of discrete convolution for the Hankel transform volution with integrated Hankel filter coefficients, one for
followed by numerical integration. As an example we have each transmitter-receiver separation. This concludes the
taken the calculation of the electric field from a dipole of calculations. The time-consuming part is the calculation of
length 10 m in a collinear dipole-dipole configuration. The the kernel function values. The discrete convolutions take
electric field is calculated at 23 points at distances from little time, requiring approximately 200 fluid number opera-
1.26 m to 200 m from the closest current electrode of thetions per transmitter-receiver separation. Obviously, this
source dipole with a density of 10 data points per spatial procedure is faster than the traditional method.
decade. In both cases, the calculations are performed to a Figure 5 shows the computation times of the two ap-
relative accuracy of 18 of the field values. Programs are proaches as a function of the number of layers in the model.
written in FORTRAN77 compiled with the Salford FTN77/ For the integrated filters we see an approximate linear
486 compiler and run on a Compaq SLT 386s/20 with increase in computation time with the number of layers in
coprocessor (0.143 MFLOP). Figure 4 presents schemati-the model. For the numerical integration scheme, different
cally the processes involved in the two approaches. curves show the time needed for the convolution (kernel
The method involving numerical integration begins with function calculations plus discrete convolution), the numer-
the calculation of kernel function values followed by a ical integration time, and the total time. The numerical
discrete convolution with filter coefficients to give the field integration method takes approximately 1 s longer than the
values from an infinitesimal dipole in a set of discrete points. technique using integrated Hankel filters for any number of
Thereafter a numerical integration over the length of the layers. For a half-space model, this is an increase in com-
transmitter dipole is performed using a Simpson integration putation time with a factor of 3; for a five-layer model, the
algorithm or something equivalent for each transmitter- increase is a factor of 2.
receiver separation in which the field value is wanted. The In the ac geoelectrical sounding method, the half-Schlum-
field values used in the integration algorithm are obtained by berger electrode configuration is used (Figure 1). This con-
interpolating the set of discrete points. Generally, the mostfiguration minimizes the direct source-receiver coupling and
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Fic. 3. Four-layer model responses of the ac geoelectrical sounding method. Model curves in the
half-Schlumberger electrode configuration for the three frequencies 76, 2441, and 9765 Hz are shown together
with the model. The abscissa is the distance between the inner potential electrode and the closest current
electrode. The far potential electrode is placed 400 m away, and the source is a 10 m electrical dipole.
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the influence from near-surface inhomogeneities, which tion time add up. Computation time for one iteration equals
proved themselves to be major obstacles to unambiguity inthe number of model parameters plus one times the compu-
the interpretation of a deeper conductivity structure with tation time for a model response. In a four-layer model we
other electrode configurations. The calculation of the poten-have four resistivities, four coefficients of anisotropy, and
tial differences measured in this configuration takes exactly three layer thicknesses, i.e., one iteration requires 12 re-
the same time as the calculation of the fields when the sponses. Assuming 20 iterations in the inversion procedure,
integrated Hankel filters are used. When the potential differ- we need 240 response calculations, which equal 3.5 minutes
ences must be calculated by integrating field values numer-(plus reading and writing) using the integrated Hankel filters.
ically, a considerably longer time is needed to integrate overAn assumed factor of 10 between the computation times of
the long receiver dipole. This paper does not deal with thethe two methods means that the numerical integration
intricacies of two-fold numerical integration, and so no scheme would take half an hour longer.
guantitative computation comparisons have been made in
the case of potential differences. An estimate is that at least
a factor of 10 is gained by the present method of doubly
integrated Hankel filters assuming an average number of 10
field values for the integration over the receiver dipole. This In the previous sections, we have demonstrated how it is
is seen from Figure 5, where the interpolation time would possible to extend the theory of fast Hankel transforms
increase from approximately 0.8 to 8 s, which is approxi- (Johansen and Sorensen, 1979; Sorensen, 1979; Christensen,
mately 10 times larger than the average computation time 1990) to include the integrals of Hankel transforms appearing
with the integrated filters. in the expressions for electric and horizontal magnetic fields
In the practical inversion situation, when measured field from a finite electrical dipole. The case of the vertical
data are interpreted with a 1-D earth model, many responsenagnetic field, which has not been presented here, can be
calculations are performed, and the differences in computa-treated analogously.

RESULTS AND DISCUSSION

Numerical Integration

Integrated Hankel filters

Calculate input function values

fa f1 % f 6

Calculate input function values

f—2 f-1 fO fl f2

Convolution with Hankel filter

Convolution with Integrated Hankel filters

ayf, + a;f; + agfy + a;f; + aLf,
afy +afy + apf; +a;f, + a,f;
afy + af; + apf, + af; + aLf,

ayfmo + af g + afm +a;f g +asf

afy + alfy + afy + a)fy + abf
apfy + arfy + agfy + aify + ayh
agf_2 + a%f_1 + agf0 + a_21fl + a_22f2

a'znf_z + ay'f; + ag'fy + a_"{fl + a'hf,

Numerical integration over
the source dipole and receiver dipole

Fic. 4. Schematic presentation of the computational processes involved in the calculation of electric and magnetic fields frol
the finite electrical dipole using integrated Hankel filters and the ordinary Hankel filters followed by numerical integration,

respectively.
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Let us turn to an overview of assets and limitations of the
new method.

1) The method is elegant. This may in itself not be a
conclusive criterion, but it demonstrates the power of
analytical work, and it may be an inspiration in other
related fields of research.

2) The method possesses all the assets of optimized fast

Hankel transforms (Christensen, 1990), which are

(@) It is possible to estimate the error of the discrete
convolution. Though the actual estimations may be
difficult to do on paper, it can always be done
numerically.

(b) The error decreases exponentially with the cut-off
frequency s.. This means that a moderate increase
in sampling density will make the error decrease
dramatically.

(c) The filter coefficients decrease exponentially|vpr
— . This is an important property, since it re-
stricts the discrete convolution to a limited interval.

(d) The filter coefficients are accurate. The filter coef-

Christensen

tion of data collection has brought a considerable
increase in the amount of data measured and thereby in
the time needed for their interpretation. Another is that
more complicated models for interpretation are used
more frequently. Many of these-for example 2- and 3-D
modeling-often involve repeated use of 1-D responses,
and so the gain in computation time has kept its impor-
tance, though it is small for simple applications.

Although a new set of filter coefficients is needed for each
transmitter-receiver separation, this is not a serious draw-
back. In the case of theoretical numerical studies of a
particular setup, a set of filter coefficients for a set of
distances, which is chosen sufficiently dense for reliable
interpolation, is calculated once and for all and used hence-
forth. In the case of an established field method in an applied
electromagnetic method, the same transmitter-receiver con-
figuration is used over and over again, and the pertinent
coefficients need only be calculated once and for all, and
afterwards, not even interpolation is needed.

If a new set of filter coefficients is demanded, they may be

ficients are expressed as series expansions, whichcalculated quickly. The filter coefficients may be calculated

makes it possible to evaluate them to any desired
accuracy. Thus no additional error in the calcula-
tions is introduced from inaccuracies of the filter

coefficients.

3) The method is faster. Instead of first performing a
discrete convolution between calculated values of the
kernel function and precalculated filter coefficients and
then numerical integrating, the convolution suffices for
the new method presented.

with the same speed as optimized fast Hankel transform filter
coefficients, i.e., approximately 3.5 ms per coefficient plus
approximately 500 ms overhead for each transmitter-receiver
separation. The filter coefficients are calculated in double
precision to a relative accuracy of"iQFORTRAN?? pro-
grams compiled with the Salford FTN77/486 compiler and run
on a Compaqg SLT 386s/20 with coprocessor, 0.143 MFLOP).
It is very important to estimate the error of computation.
In Appendix B, we demonstrate how the problem of error

4) Today's increased computer power has brought moreestimation may be reduced to that known from the theory of

time consuming computational tasks within the horizon
of “realizability. ” One aspect is that the computeriza-

3.00 T T T T
L ®
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I g ; . : :
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FiG. 5. CpmJ)arison of computation times for 23 values of the
electric field in the collinear dipole configuration using the

integrated Hankel filters and a numerical integration method
as a function of the number of layers in the earth model. Th
curve (a) shows the computation time for integrated Hankel
filters; curve (b) shows the computation time for the numer-

ical integration method. The computation time for the nu- -

merical integration method consists of the time needed for
the convolution shown in curve (c) and the time needed for
the numerical integration (d). Thus (b) = (c) + (d).

e combined electric/electromagnetic prospecting tool:

optimized fast Hankel transform filters. As mentioned under
(2), this error estimation may be difficult in practice with pen
and paper, but numerically it is possible. This is in contrast
to the method of numerical integration. Although one may
use optimized fast Hankel transform filters for the convolu-
tion and thus have an error estimate for that part of the
computations, it is very difficult to make a reliable error
estimation of the numerical integration-and even more
difficult for the two-fold numerical integration involved in
the calculation of potential differences.
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APPENDIX A
THE CALCULATION OF FILTER COEFFICIENTS
To be able to decide about the convergence of the integral }’2 1 c?

expression for the filter coefficients, we need to find an |[F( ~73; exp | —(1 + mo) S|P o—>—-o. (A-5)
estimate of the hypergeometric functions involved. Let us ¢ 2“'“' y
first look at the, F; function entering in the expressions for
the electric field The hypergeometric function thus increases exponentially in

1 3] 2 the Ipwer complex half-plane, while it decreases slowly in
FO = 2F1(1 —imz, = - ___), z=s+io. (A - 1) the right, the left, and the upper half-plane.

272 y? Let us now consider theF; function entering the expres-

Equation 15.7.2 Abramowitz and Stegun (1970) gives an sions for potential differences
asymptotic expansion & 2

11 ¢
F(2)=2F1<—i~rrz, -5z ——), z=s+io. (A - 6)
r'é o212 TO 22| y?
IFW] =< {f‘_(l_) — (1 —imz) 7 + F—‘ Equation 15.7.2, Abramowitz and Stegun (1970), gives an
) asymptotic expansion &®
1 1
2[ -1 2 )= I'G) LR . Q| ez
X | (1=inz) P exp [—(1 - imz) )7} } =110 inz ) (=} inz "
c? ! 2 2( -1
—_ -3 — c c
X {1 * @(‘ (1 = imz) 32 X | exp |—iwz 1+0||-imz —
y y
{\/; c? 2™ - o2 02|12
= ———(1+110')——2-+i'rrs——2 5{ | —moe — + ins —
2 y y oz 32
1 ! c? 1 o2 o2t o2
+5 - (1+1ro-))-ﬁ+ms? exp —(1+“T0)}j +E - mo —+ims —| exp [—'rro —EH
y y y
¢z Yt o2 2| -1
Xq41+0 —(1+’TTO');7+I’ITS;5 . X{1+@< _,‘;ro.,_z_l_l',n.s_z )} (A'7)
(A-2) i y y
For ¢ constant]s| — =, we find For ¢ constanis | — «, we find
y 1 me  —
FO|~ = — | . i FO ~— V5|, |s|—>w. A-8
|FO)| 2 Vi |s| = o (A-3) IF*Y| . Isl, lsl (A-8)
For s constanto — », we have For s constanty — », we have
FU~=—, oo, -G
A4 [FO~—Vo, o-, (A-9)
2 \/0 (A-4) y

while for s constant, &> — «, we see that while fos constants — — », we see that
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y2 o1 c? H(§) g™ s +io, is analytic except for the poinz;,_= —ilw
|F@| ~— — exp|-moc |, o—> -, (A-10) (n+1),n=0, 1, 2, ...where it possesses simple poles
2me® o] Y with the residues

Thus, the hypergeometric function increases exponentially

in the lower complex half-plane, whiteincreases slowly as R. = i=n" _ (A-12)
a squareroot in the right, the left, atie upper half-plane. " aT(n+DI(n+1)
Calculation of the filter coefficients AP(Ag) is analytic except for the point,;” = £ s, +
2as,(n + 1/2),n=...-2,-1,0,1, 2, ..., where it
As an example of how the filter coefficients are calculated possesses simple poles with the residues
let us turn to equation (29). We will show how the expression
: . ; a
(29) is found as sums of residues in the complex plane. R, =7 —, (A-13)
We calculate 2
© H (1) . .
% (1) B " (1) . Whl|.e F'(y,c, s) and ex|i2mvs) are analytic everywhere.
Gy My, ¢, 0) = f_w H(s)F(y, ¢, s)AP(As) Figure A-l shows the logarithm of the absolute value of the

integrand in equation (A-23) seen from a point 10 degrees from
X exp (i2mwus) ds, (A-11) the negative imaginary axis towards the positive reql axis, gnd
10 degrees over the complex plane. The poles are given a finite
value for clarity. We see the row of polesH() down the
i (1 — ims) negative imaginary axis and the two rows of poleAP(Af).
= — Consider the contouC, of Figure A-2 in the lower
half-plane¢ = s + ioc, o < 0. Fore — —», H(£) goes to
c2) zero faster than any exponential functiAP(A¢) stays

where

bounded outside its poIeF“)( ¥, ¢, £) increases exponen-
tially, and exp(i2wv§) decreases exponentially fer< 0 and
and increases exponentially far > 0. Thus the integral along
. ( 1)} the lower horizontal return path vanishes in the limiiofes

— o no matter the sign of v. Far fixed, |s| — «, H(§)
decreases gmws| 2™ in the lower half-plane, ex(i2mv§)
stays boundedF( y , ¢, ¢ decreases as| ~? and
A= L AP(A§) ~ exp (- 2w/a Als]) , so the integrals along the
25, vertical paths oC, vanish in the limit. We obtain

FiG. A-l. The logarithm of the absolute value of the integrand in equation (A-l yfsr(w/4), 2as,09 = 1
(optimized filters) ands + (c2/2x?) = 0.8. The surface is seen from a point 10 degrees from the negative imaginary
axis towards the positive real axis, and 10 degrees above the complex plane. The poles are given a finite value for

clarity. The zeroes of the integrand appear as poles on the positive imaginary axis pointing downward, since the
plot is logarithmic.
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Gy, ¢, v)=-2mi + > residues inside, AP(A§) ~ exp (—2m|s|/2as.), and so the integrals along the
vertical paths ofC ; vanish in the limit. We obtain
i—=n"
wl'(n + 1)I'(n + 1)

Gy, c,v)=2mi| Y, residues insidC;

= —211'1"{ i

n=20
. * a .
X AP(Az,)FD(y, ¢, z,) exp (i2mwvz,) =2mi+y > - - H)FD(y, ¢, m)) exp (i2mom,)
n=0
=) a R .
+ 3 -5 Hn)FD(y, ¢, ny) exp (2wvm,) © g
n=o T + Z—H(n,,_)F“)(y, ¢, M,) exp (i2mom,) ¢, (A-17)
n=0 w
“ a + _ ,
A VED - . - wheren,; = xs. + i2as.(n + 1/2).
> 2% H )F(y, ¢ my) exp (i2mvmy,) (. Again we observe that the two sums are each other’s
n=0 g
(A-14) conjugates and we obtain

IAnseLtinng in the exponential function and observing that G"a(‘)(y, ¢, v) = 2a exp (—2mas v)
H(-F) = H(®) andFV(y, ¢, =) = F(y, c, &), we find

that the second and third sums are each other’s conjugates, N
and we obtain X Im { exp (i2ws.v) D, exp (—4mas nv)
n=0
. () - (=D"
,v) = 2 —_— .
G5y, e v) = exp ( ”)E'O T(n+ D0(n + 1) x Hn,YFD(y c,m I)}- (A-18)
X exp (2nv)AP(Az,)F(y, ¢, z,) Forv™ < v < vt G{P(y, ¢, v) can be expressed as a

discrete Fourier sum minus sums of filter coefficients of

arguments to the left and right of v (Christensen, 1990)
— 2a exp (2was.v) Im § exp (27s v)

Im

x > exp (4mas nv)H(n,)FV(y, c, 'fl;)}. (A-15) }
0

Though the expression (A-15) is convergent for all values of
v, ¥, and c, we shall only use it for valuesvoef v~ , since

for large values of v the first terms of the summation will ® ®
consist of large alternating terms, and numerical accuracy

may be lost. This is accentuated by the presence of the
hypergeometric function, since it will contribute to the \
exponentially increasing terms. Insertiggin the asymp-
totic expansion oFV( y, ¢, s), we see that the exponen- X ® - C4
tially increasing terms of the first sum are proportional to

A
[

i
A
Y

>

e
~ exp (Zv + —z)n. (A-16)
y

By demandingy < v ~ = — ¢ 2/2y %, we are sure to retain
numerical accuracy.

Now, consider the contoiC; of Figure A-2 encircling the A
upper half-plan¢ = s + io, ¢ > 0. For o — », H(§) goes
to infinity faster than any exponential functid P(A¢) stays v ®
bounded outside its poleF " ( y, ¢, £) decreases 4o| =12,
and exp (i2wv§) increases exponentially for < 0 and
decreases exponentially for> 0. ThoughH(¢) increases
faster than any exponential function, the exponential decay ®
of exp(i2wvg) for v > 0 introduces a “valley” in which we
may place the horizontal return path in the upper half-plane. Fic. A-2. The position of the poles of the integrand in
The minimum in the valley decreases as v increases, so &quation fA-ll) and the integration pathsa@d G used for

certain v + exists such that the integral through the valley the calculation of the filter coefficients. The poles on the

L + - N negative imaginary axis marked with a circle with a dot
becomes negligible for > v * . Fora f|xed,|s|(;> ©, H(§) belong to the gamma function quotient, the two rows of
increases ges | in the upper half-plane£*” (y, ¢, §) P0|95. marked with circles with a cross belong to the filter
decreases ds | ~ 2, exp (i2mvs) stays bounded, and function B(s).
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Gi (G, ¢, v) = &S AP(nAA)A(nA,)

-0

x FV(y, ¢, nAy) exp (i2mvnl;)

z n
— Gx M ,Cov — —
> Gy, c,v X

n=1 1

n
A

Choosinga, so small thav — 1/A; < v~ andv + V/A; > v*

for all v < v < V', equation (A-19) enables us to calculate
Gy W(y, c,v)in the rangew™ <v <v*.Here,1/A, = (v*

—v 7)) is the greatesA; meeting this demand and is thus the
best one, as a smallA; would result in a denser sampling
on the real axis )AP(As)H,(s)FV(y, c, s).

Except for the presence of the hypergeometric function,
the method outlined above is identical with the one for
optimized fast Hankel transforms (Christensen, 1990). In
the theory of optimized fast Hankel transforms we chose
v~ = 0 andv* = 4 +0.1s., but the presence of the
hypergeometric function “steals” some of the lower
range, which is not “paid back” in the upper range,

o

-> G"(‘)(‘)<y, c, v+

n=1

(A-19)

Sgrensen and Christensen

¢ 2/ly%<1/4, and forc 2/y 2 > 1/4 we will use the expression

30

( 'Izhe method of calculating the filter coefficients in the case
of equation (30) and equation (31) is similar in concept to the
previous section. In the case of equation (30), we observe
that the first term is covered by the theory of fast Hankel
transforms. The second term includes the fund/(iws —

1/2), which has a single simple pole on the negative imagi-
nary axis and a hypergeometric function, which has a row of
simple poles on the negative imaginary axis. The case of
equation (3 1), y =0, is really just a special case of the
second term in equation (30).

Filter coefficients for the calculation of potential differ-
ences are computed in an analogous way.

In all cases, the number of residues to be added is quite
small. Experience has shown that on the negative imaginary
axis and on the linds | = s, less than 20 residues are needed
to calculate the sums to a relative accuracy 6f.10n the
real axis less than 100 terms in the Fourier sum are needed.

Computation time is approximately 0.5 ms per coefficient
per 1 MFLOP computing power plus approximately 70 ms
overhead per 1 MFLOP for each transmitter-receiver sepa-
ration. A set of 100 filter coefficients can thus be calculated
in approximately 120 ms. The filter coefficients are calcu-
lated in double precision to a relative accuracy of? 10
using a FORTRAN77 program compiled with a Salford

because it does not decrease exponentially in the uppeFTN77/486 compiler. Programs for the calculation of filter
complex half-plane. Thus the middle range can become verycoefficients for horizontal electric and magnetic fields from a
large forc 2/y % large, which means that the Fourier sum in horizontal finite electrical dipole and for potential differences
the middle range needs a very dense sampling and therein the equatorial and the collinear dipole-dipole configuration
fore consists of many terms and numerical accuracy is lost.nave been made, but filters for the vertical magnetic field

Therefore, we will choosy™ = 0 and restrict ourselves to

have not yet been implemented.

APPENDIX B
ERROR ESTIMATES

In this Appendix we estimate the error integral appearing
in the expression (35)

IT(ya C) - T*(y’ C)l < 2K(°~)0) J-m

X exp (—2wawg|s)[1 = P(As)]|Go(y, ¢, s)| ds. (B-I)

In the theory of fast Hankel transforms for ordinary Hankel

integrals (Johansen and Sorensen (1979), Christensen,

1990)), we meet an error expression similar to equation (B-I)
but with |Go(y, ¢, s)| = 1.

The task is to find majorants for the funct|Gq(y,c, 5) |
entering in the filters for the fields and 10Gy( y, c, s) |
pertaining to the filters for potential differences on the real
axis, Im (s) = 0. We will do this for the cas(1):|c| = y/2,
():]c| > y/2, and(3):y = 0 mentioned earlier. However, as
the expression (2) is identical to (1) for all values of y and c,

and the choice between the two expressions is concerned

with numerical considerations only, we shall look at the
expression (2) foc # 0 and use (1) for ¢ = 0. On the axis,
y = 0, we will use the expressions (3). Recalling equation
(24), we have

Ve [y\ 2ns TG = ims)
GO(y9 c, S) =

4
2 I'(iws)
(vyT) S
2 ins — %

y2

y2+ CZ)’

TG - ims)

c
y2+02

I'(l - ins)
I'(iws)

+

3
X 2F1(1 —ims, 1; E-— ims

and we find

n ™
|G0(y’ c, S)|—<—_‘
y

T'(iws)

lc| IS\ 1P(1 = ims)

T'(1 + ims)

3 y?
y2 + 2

y2+c? lims —1

2

X ins

2F1 ( —i'rrs, 1; 2“‘
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T —— , 3 y?
S;\/s tanh ‘IT2S+y2+C2 X2F1<—ms,1;5—ms )Tcz
(B-8)
y? .
X 2F1<1 —ims, 1; 3~ ims N Cz) we find
— 1 N
™ v———z—' |C| (g )| 2\/11 F(E - l"lTS)
=- tanh + » €, 8)| =
. s tanh w“s y2+ ot |0 (y, ¢, s lel T(ims)
® (1- iﬁS)k(l)k y2 k + 1 I'(1 = iws)
X i ;
k=0 G = ims)i (1) y2e? —y+ims| [T+ ims)
T 2\ ><F—'s1'§—isy—2
=— Vs tanh w%s + 2 22 ( ) S W T PN
y y +c
27|c _—
T — 1 = ||\/stanh'n'2s
=—V]s| + —. (B-3) Y
y |c]
© . 2 k
This estimate is not valid for ¢ = 0. However, for c = 0 we D (—ims) (D 1 Y
will investigate the expression, equation (23) = (% —ims), - % +ims |¥2+ 2
G ) = ZC y\ 2™ (1 = iws) 2mlc]
- - mw|C —_—
01y, € 8 y2 \2 T(irs) = Vs tanh w2s
y
13 ¢? .
x2F11—i¢rs,5;E—y—2,(B-4) +§ (1 — ims), —ims 2y22 '
, =0 | G—ims)y (=5 +ims)(—ims + k) \ Y * ¢
and we find
1Go(y, 0 0 (B-9)
o(¥, 0, 8)[ =0, (B-5) However,
which of course is another way of saying that there is no S
contribution to the field from this term. On the axis y = 0, —imws B (ms)
we will use the expressions (25) (_%+ ims)(—ims + k) [%Jr (w5)2[k2 + (m5)?]
Gale. s 1 (c) 2ms 1 (1 - iws)
olc, §) = > - ; > (B-6) 2
c\2 ims -5 Llims) =T+ (B:10)
and we find Hence from equation 1.643.2, Gradshteyn and Ryzhik (1965)
) 1] 1 T(1 — ims) [%o(y, ¢, 9)|
|Go(c, 8)] =— -
|C| iTrS - F(l"ﬂ's) 21TIC| y2 k
Vs tanh w2s + 2 E 5
. y o1+ 2k \y“+c
1 ins I'(l — ins) 1 (B-7)
el ims = L] |TQ + ims) |C| . C27le| . — VyZ + 2
= \/|s| + 2 —— Artanh Voo
Let us turn to the filters for potential differences. Again we Y Y yire
use the expression (46) in our estimates. Recalling formula (B- 1)
(46) This estimate is not valid for ¢ = 0. For ¢ = 0 we use the
expression (45)
- ims TG — imrs)
. 2V ¥\ G Go(y, ¢, 9)
Go(y, ¢, 5) = Ic] E m
) Y\ 27 T(1 = ims) F ) 1 1] ¢?
. VI e\ 1 T - ims) T2 TAtims U T2 T
2 — 1+ ims (1 + ims) (B-12)
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and we find
I@O()’, 0’ S)|

(Z)im T\ - iws) 11 )\
2\3) T Fims) 2Fi| —ims, —2; 20/ | =2.

(B-13)
On the axis, y = 0, we have equation (54)
R c\ 7 1 I'(1 = iws)
Sole, 9) =<5) Pms 170 +ims) Y
and thereby
%o (c, )| = ’E&—_l <1. (B-15)

Recollecting the results, we have found for the E-field
filters

Ssrensen and Christensen

1Bo(y, c,s)|=2 y#0, c=0, (B-20)

and

[Go(y, ¢, )l=<1  y=0. (B-21)
All terms independent of present no difficulties, since the
theory of fast Hankel transforms applies. The constants
entering the expressions will typically be of the order of
magnitude of 1 or smaller.

The term involvingV]s| can be dealt with if we can
calculate the integral

E(wg, a, S¢, \) = fw Is|» exp (—2mwols|)[1

-0

- P(As)] ds. (B-22)

The integral is convergent, sinfe< [ 1 — P(As)] < 1 and
it can be expressed in terms of infinite sums of incomplete
gamma functions. The care=1/2, wy = w/4, which is the
relevant one in this connection, has been integniniér-
ically for optimized filters with differens. , and the result is
shown in Figure B-l. The error expression plottechor-
malized with respect to the error of fast Hankel transforms
E(wy, a, s., A = 0) given in Christensen (1990). We see a
very moderate increase in the error with increasing cut-off
frequencys, compared with the results from the theory of
optimized fast Hankel transforms.

For all practical purposes, as a rule of thumb, we may say
that the computational error using the integrated Hankel

filters is of the same order of magnitude as for ordinary
Hankel filters.

/

A ay S
1Go(y, ¢, 9)| = — Vs MR (B-16)
y
1Go(y, ¢, ) =0 y#0, c=0, (B-17)
and
A 1
|Go(y, ¢, )| =g V- 0. (B-18)
For potential difference filters we find
. 27le|  —
%0 (v, ¢, 9] == Vs
2\/y2+C2A h __..__y #0,c#0
+2 —— Artanh —F———= y , C ,
(B-19)
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Fic. B-l. The error integral appearing in equation (B-22) of the integrated Hankel transform method as a
function of the cut-off frequency, for A =1/2, gy = w/4. The error is normalized with respect to the error
integral of ordinary optimized fast Hankel transforms.



